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1. INTRODUCTION 
The logistic difference quation 
Nn+l = Nn exp (r (1 - Nn)) (1.1) 
has been studied in its own right as a discrete population model of a single species with nonover- 
lapping generations. It was shown in [1,2] that for certain values of parameter r, (1.1) is chaotic. 
In [3], Kocic and Ladas considered the delay logistic difference quation 
Nn+I = Nn exp (r (1 - Nn_m)) ,  (1.2) 
where r > 0 and m is a positive integer. They proved that if 
r(m + 1) < 1, 
then every positive solution of (1.2) tends to 1 as n -~ co. We know that both equilibria of (1.1) 
and (1.2) are N* = 1. 
It is realistic in this paper to suppose that we have a situation where N* = 1 is not the desirable 
one and a smaller value of N* is required. 
In order to avoid chaotic behavior and get a smaller equilibrium, a "feedback" control variable 
which can be implemented by means of a biological control or some harvesting procedure is 
introduced. Our model is 
Nn+x = Nn exp rn 1 k C#n , (1.3) 
A#~ = --a#,~ + bN~_m, 
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where 0 < a < 1, b,c,k E (0, co), {r,~} is a sequence of positive real numbers, m is a positive 
integer, A is the first-order forward difference operator A#,~ = #n+l -#n-  It is easy to shove that 
system (1.3) has a unique nontrivial steady state (N*, #*) with 
ak bk 
N* = - -  #* = ~ (1.4) 
a + bck' a + bck" 
We also may think of system (1.3) as being a discrete analogue of the logistic growth with a delay 
in the state feedback of the control modelled by 
dn(t) [ n(t - r) cl#(t)] , 
dt = rl(t)n(t) 1 kl 
d#(t )  = -a le ( t )  + b ln( t  - T), 
dt 
t > 0, (1.3)' 
where al ,  bl, Cl, r E (0, co), rl(t) E C([0, co), (0, co)). As for system (1.3)', the global attractivity 
of the positive equilibrium has been studied by several authors when r l ( t)  ~ rl > 0, see [4,5]. 
The goal of this paper is to discuss the global attractivity of the positive equilibrium of sys- 
tem (1.3). 
By the biological meaning, we will focus our discussion on the positive solutions of (1.3). So it 
is assumed that the initial conditions of (1.3) are of the form 
N-s>_O, s = 1 ,2 , . . . ,m,  N0>0,  
go > 0. (1.5) 
One can easily show that the solutions of (1.3) and (1.5) are defined and remain positive for all 
n e N(0) = {0,1,2 , . . .} .  
To the best of our knowledge, this is the first paper to discuss the global attractivity of sys- 
tem (1.3). Stability of feedback control differential systems has been discussed in [4-8]. 
2. USEFUL  LEMMAS 
In this section, we establish some useful lemmas. 
PROPOSITION 2.1. HA > 0, B > 0, and A + B < 1, then we can get Ae s < 1 or B + lnA < 0. 
PROOF. Since A + B < 1, i.e., B < 1 - A, we just need to show that lnA + 1 - A < 0. Let 
f(A) = lnA+l -A .  Then f(1) =0, f'(A) = 1 /A -1  = (1 -A) /A> 0 for 0 < A < 1, and 
hence, f(A) < f(1) = 0 or lnA + 1 - A < 0. The proof is complete. 
LEMMA 2.1. I f the  condition 
bck + ~ ri < ~ + bck 
- -  - -  < 1 (2 .1 )  
a a 
/=n-m 
holds for some ~ > 0 and all large n, then there exists a T e N(O) and ¢ > 0 such that 
O<l <_Nn <_L, 
O<q=bl -¢<#n<_bL+E=Q,  
a a 
where  L = ke ~, I = k (1  - cQ) exp[ (1  - eQ)  - eft] .  
PROOF. From (1.3), we have 
Nn+l < Nnexp(rn (1 Nkm))  , 
for n > T, (2.2) 
for n > 0. (2.3) 
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There are two possibilities: N ,  is oscillatory about k or N ,  is nonoscillatory about k. If Nn is 
nonoscillatory about k, then there exists no such that 
either Nn > k, for n _> no, or " Nn < k, for n _> no. (2.4) 
If Nn > k for n _> no, then we have 
Nn+l < Nn, for n > no + m, (2.5) 
and hence, there exists some N _<: k such that 
Nn ~ 17, as n ~ +oo. (2.6) 
So there exists nl > no + m such that, for n _> nl, 
N,~ < ke~. ' 
If Nn < k holds, then we have 
Nn < k < ke z, for n _> no. 
Now let us suppose that Nn oscillates about k. Then there exists an increasing sequence {si} 
such that 
si >_ no, N~, > k, Ns, >_ Ns, -1,  and l imsupN~, = l imsupNn.  (2.7) 
i---~ OO n- -*OO 
Thus, we have 
which implies that 
Ns, -1- ,n  < k, (2.9) 
and hence, there exists ~i E [si - 1 - m, si - 1l such that N¢~ <_ k. Then we can get 
Ns, gsi-1 N~,-b l 
Ns' = Ns,----"-~ N8, -2" ' "  N~----~ " Ne' 
FS~--I )] 
< exp [j=~ rj (1 N~-rn "N& 
s~--i )
< ke ~ (since si - (i < m + 1). 
Letting i ~ ~,  we can conclude that 
lim sup Nn < ke ~ = L, 
n-"*OO 
and therefore, there must be some integer n2 _> no such that 
Nn _< L, whenever n _> n2. 
(2.10) 
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From the second equation of (1.3), we can get, for n > n2 -4- rrt, 
#n=(1-a)  n #o+bE ( l -a )  s+l 
s~0 
=( l -a )  n #o+vo+b E (l_~a--~+l (2.11) 
s~n2q-m 
( _<( l -a )  '~ .o+vo+bL ~_, (1 - ; )~+~ ' 
s=•2+m 
hV'n2+m-l(N /[1 -a)S+l). Since 0 < a < 1, we can find a positive where vo = vz..,s= o x s -mix number d 
such that 1 - a = e -a, then, by Stolz's theorem, we have 
s~n2-brn 
Thus, for any e > 0, there exists a positive integer t3 > n2 -4- rrt such that  
#,  < bL  + e = Q, for n > n3. (2.13) 
a 
Using these upper bounds, we can derive the lower bounds in the same fashion. Here we omit 
the details. 
LEMMA 2.2. / f  (2.1) holds, then the system of inequalities 
y_< N*+ x exp ~-  -N* ,  
z<-  N* bck "~ - -~ _ - -~y)  exp + N ' ,  
(2.14) 
and 
For F1, 
dy + ]3 + exp d'-x = aN* ] -~:x O, for all x > 0, 
O< =k + f~ <1,  
dx 2 = N---': + ~ + -~-~7 ]exp  ~-~x >0,  for all x >_ O. 
has a unique solution (0,0) in the region D = {(x,y) : N* > x > 0, 0 <_ y < (aN*/bck)}. 
PROOF. Obviously, (0,0) is a solution of (2.14). Assume that (2.14) has another solution (xo, Yo) 
in the region D. Then xo > 0, 0 < Yo < aN*/kbc. Define curves as 
- Wy)  exp  - y + 
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For ]?2 
dy exp ((131N*)y) 
dx bck/a + 13 - (bck3/aN*)y 
aN* 
>0, for 0 <: y ~ 
kbc ' 
d2y (N*/13) exp ((13/N*)y) 
dx 2 = -2bck/a - 13 + (bck13/aN*)y 
aN* 
<0,  for 0 _< y < kb-'~' 
d~YxY (0,0) 1 -- k (bcla ÷ (1/k)13) > 1. 
Hence, F2 lies above F1 near (0, 0), and once F2 gets out of the region D, it will not go back 
to D any longer. The existence of (xo,Yo) implies that the curves F1 and ]?2 must intersect at 
some points in the region D besides (0,0). Let (xl,yl) be the first intersection point, i.e., xt is 
the smallest. Then the slope of ]?t at (xl,Yt) is no less than that of ['2, i.e., 
kb~Z "~ (13xl 
(kbc/a + t3 - (kbcn/aN*)yl) exp (-(13yl)/N*)" (2.15) 
Since 
then 
From (2.15), we have 
aN* 
0 < Yl < kb-"'~' 
kb<n '~ ( 13.1] ~-~1) ~xp > o. 
( k~c kbc13 "~ ( k!c kbc13 "~ 
~('~/"')(~'-"') + 13 + -a- -D=~l)  - -  + 13 - ~-D- ;y l )  >__ 1. (2.16) 
Set 
Then 
Thus, 
By (2.3), we get 
¢(x) --_ - (N* - k~Cx) e-(lUN*)x -t- N* - x. 
¢(0) - -0  and ¢ ' (x )<0,  fo rx>0 (by (2.1)). 
¢(x) < 0, for x > 0, and x l - -¢ (y l )+y l<y l .  
(2.17) 
or 
~-~1)  - -  +13- a - ; :~ , )  > 1 
~+13 -~- ; :y , )  >1. 
From (1.10), we have 
"~--ff:Yt) < +13 -1= k +k13 -1  <0,  (2.18) 
which is impossible. This completes the proof. 
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3.  MAIN RESULTS 
THEOREM 3.1. In addition to (2.1), we suppose that 
l iminfr ,  > 0 (3.1) 
ft-'*OO 
holds, then every solution of (1.3) and (1.5) tends to (N*, #*) as n tends to +co. 
PROOF. Let (Nn,Pn) be an arbitrary solution of (1.3) and (1.5). It is easy to verify that Nn > O, 
/zn > 0, for all n > 0. Set 
A1 = limsup Nn, A2 = liminf N,~. (3.2) 
n.~OO n ---~OO 
It follows from Lemma 2.1 that both A1 and A2 are positive and finite. There are two cases to 
be considered. 
CASE I. A1 = A2. In this case, we have 
lim Nn =/~1. (3.3) 
n--~OO 
We can get from the second equation of (1.3) that 
#n=(1-a)  n #0 + b~ (1 7a--~+ 1 
s=0 
~-a (3.4) 
#o + b ~ Ns_me d(s+l) 
s=0 
edn 
Using Stolz's theorem, we have 
b 
lira #n = -A1. 
n--~oo a 
Then taking the limit inferior on both sides of the first equation of (1.3), we can conclude that 
ak b bk #.. 
A1 = a + bc---'--k --" N*, a A1 = a + bck = (3.5) 
Thus, (Nn,#~) ~ (N*,#*) as n --, co. 
CASE 2. A1 > A2. For any e with 0 < c < A2/2, there exists an integer n4 = n4(~) such that 
0 < A 2 -- C < Yn-m • .)tl -I- ~, fo r  n > n4.  (3.6) 
Then 
and 
[ 1 ~n = e -~n edn4~.tn4 + b Ns_m ed(s+l) 8~Tt 4 
I n--1 " 
<_e -dn edn4#n 4 +b(A l  +e)  Z ed(s+l) 
$~n 4 
b 
-~ - (a l  + e) ,  as n -~ co, 
a 
#n >- e -dn edn'/Zn, + b (A2 -~)  Z ed(s+l) 
8~-~, 4 
b 
t m - e ~ as  n -~  c¢.  
a 
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Hence, we can choose n5 > n4 such that 
b b 
0 < -- ()t2 -- 26) < /In < -- ()tl "~ 26) ,  n > n5. a a 
If A1 > As > N*, then we can assume that 6 < (A2 - N*)/2, and hence, we have 
(3.7) 
and 
b bN.  
~.  > - (A2 - 26) > = ~*,  
a a 
Nn-m > A2 - 6 > As - 26 > N*, 
for n > Tt5~ 
for n > ns, 
which implies that 
[( ,)] Nn+I < Nn exp rn 1 k ' c# = Nn, whenever n > ns. (3,8) 
This shows that {Nn} is strictly decreasing for n > n5, and hence, limn--.oo Nn exists, i.e., A1 = A2, 
which is a contradiction. Similarly, we can prove that the case N* > A1 > A2 is impossible. So we 
can assume that A2 <_ N* <_ A1 with A1 # A2. Substituting (3.7) into the first equation of (1.3), 
we get 
Nn+i<_Nnexp rn 1 k c. (As -26)  , fo rn>_ns .  
Set 
Then 
ai=l -bC(A 2 -2~) .  (3.10) 
a 
bc 2bc 
at = 1 - ~ )t2 + - -6  
a a 
bc 2bc N* 2bc 
> 1 - : - :N*  + m6 = + - -~ > O. - -  a a re.if- a 
It follows from (3.9) that Nn is oscillatory about kal or Nn _< kal eventually. First we assume 
that Nn < kO~l eventually. Thus, We have 
A1 _< kal : k (1 - -~)t2 -b ~6)  • 
Letting ¢ ~ 0, we obtain 
A1 <k(1 b-~A2)<k(1--b-~A2)e3(1-A~/N'). (3.11) 
Next we assume that Nn oscillates about kal. Then there exists an increasing sequence {~,t} 
such that ~n -> ns, limn--.oo ~n = c¢, N~. > kal,  N~. > N~.-1, and 
limsup N~. = ~1. (3.12) 
n--tOO 
From (3.9), we see that 
N6,-1<_ N6, < N~.-l exp [r6,-l (al %1 )1 
I410 
and hence, 
Therefore, we have 
and 
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N~,_ l -m < koq. 
Nn+i  ~ _ Nnexp[rn(Vq A2[ e ) ]  , for n > n5, 
N~. ~-. N~,,  N~n_ 1 N~L_ m . N~n_l_ m 
N~n-1 N~n_2"'" N~n-rn- 1 
Li=~,~_m_l 
Letting n ~ c~ and e ~ 0, we get 
A1 < k (1 -- -~A2) exp [~ (1 -  N~2.) ] . 
Next we show that 
A2 >- max {0, k (1 - -~AI) exp (f7 (1 - ~---~-l.)) } • 
(3.13) 
(3.14) 
(3.15) 
In a similar way as above, we can show that (3.16) holds true also. 
Now let 
f (x ' :k (1-b- : :x)  exp(~(1-~- , ) )  •
Then we can denote (3.11) and (3.16) by 
(3.18) 
~1 ~ f(A2), A2 >max{0, f(A1)}. (3.19) 
If f(A1) <_ 0, then A1 > albc. Set 
a 
h(x) = fi x) bc" 
We have 
a a 
h (A2) = f (,k2) - ~c >- )tl -- ~C ~- 0 
and, for 0 < x < a/bc, 
(3.20) 
• ,~'(~) : s ' (~) :  + ~ ~ j e:<,> ~))  
<-  ----t-N----7-aN..-~c exp ~ 1 -~7 
< 0, 
(3.21) 
Ot 2 = 1 -- 5(3 (/~1 -I- 2~) > 0. (3 .17)  
a 
If 1 - (bc/a))tl < 0 or ~1 >_ a/bc, then (3.16) holds true. If 1 - (bc/a)~l > 0 or/~1 < a/bc, then 
we can choose ~ small enough such that 
(3.16) 
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which shows that h(x) is decreasing for 0 < x < a/bc. As 
o oo(?  ) h(0)=f(0)-Vc=ke  e -I <0 
(by Proposition 2.1 and (2.1)), and 
a 
0<A2_N*<~c;  
therefore, we should have h(A2) < h(0) < 0, which is a contradiction. 
So we assume that f(Ax) > 0. This means from (3.19) that (x = A2, y = A1) is a solution of 
the system of inequalities 
y <_ f (z) ,  
x > f(y), (3.22) 
in the region 
DI= x ,y ) :O<x<N* <y< . 
Now we let 
= N* - x, 9 = Y - N*. (3.23) 
We know that (5:o, Yo) = (N* - A2, A1 - N*) is a solution of system (2.14) in region D. From 
Lemma 2.2, we obtain 
~0 =~0 =0,  
i.e., 
A1 ---- A2 = N*, 
which contradicts the assumption A1 > A2. Then our proof is complete. 
If r~ - r, then (1.3) reduces to 
(( )) Nn+l = Nn exp r 1 k c#n , 
A#n = -a#n + bNn-m. 
Applying Theorem 3.1 to (3.26), we have the following. 
THEOREM 3.2. Suppose that 
bck 
- -+r (m+l )  <1 
a 
holds. Then every solution ( Nn, #n) of (3.26) and (1.5) satisfies 
lim (Nn,#n) = (N*,#*).  
~'-'*OO 
(3.24) 
(3.25) 
(3.26) 
(3.27) 
(3.28) 
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